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A generalized framework is developed for the quadrature method of moments
(OMOM), which is a solution method for population balance models. It further evalu-
ates the applicability of this method to industrial suspension crystallization processes.
The framework is based on the concepts of generalized moments and coordinate trans-
formations, which have been used already in earlier solution approaches. It is shown
how existing approaches to OQMOM are derived from the suggested unified framework.
Thus, similarities and differences between the various QMOM methods are uncovered.
Further, potential error sources involved in the different approaches to QMOM are
discussed and assessed by means of a series of test cases. The test cases are selected
to be challenging. The error in the QMOM solution is evaluated by comparison to an
adaptive, error controlled solution of the population balance. The behavior of a range
of different QMOM formulations is analyzed by means of numerical quadrature,
dynamic simulation, as well as numerical continuation and bifurcation analysis. As a
result of this detailed analysis, some general limitations of the method are detected
and guidelines for its application are developed. This article is limited to lumped pop-
ulation balance models with one internal coordinate. © 2006 American Institute of Chemi-
cal Engineers AIChE J, 53: 207-227, 2007
Keywords: crystallization, population balance, integral approximation, method of
moments, Gaussian quadrature, numerical investigation

Introduction

The quadrature method of moments (QMOM)'™? is a
recent approach to the solution of the population-balance
equation (PBE).‘F6 The idea of QMOM is to construct a
Gauss-Christoffel quadrature closure by means of the knowl-
edge of the distribution moments. This quadrature scheme is
then used to approximate the integrals that appear in the pro-
cess of transforming the population balance to moment equa-
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tions. The Gauss-Christoffel quadrature scheme is known to
yield the highest-order approximation to integrals with
smooth integrands for a given number of quadrature abscis-
sas and weights.” It is probably for these promising theoreti-
cal properties that a lot of attention has been dedicated to
this method in literature. Since the conception of the method
by McGraw' many different variants have been published in-
dependently from each other.

McGraw' develops QMOM and validates the method
against an analytical solution for a problem describing diffu-
sion controlled growth in an aerosol dynamics context.
Wright et al.® develop a bivariate extension of the method
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for coagulation and sintering problems. Later McGraw and
Wright” apply the one-dimensional (1-D) method to multi-
component populations, and introduce a formulation of the
method called “jacobian matrix transformation”. This formu-
lation provides an alternative solution to the classical quadra-
ture problem that arises in QMOM. Yoon and McGraw'%!!
derive a multidimensional variant of QMOM, based on quad-
rature along main directions of the distribution determined
by principle component analysis (PCA).

Simultaneously, Piskunov and Golubev'? derive a method
which they call the “generalized approximation method” for
pure aggregation problems. Their discussion starts with the
idea of using generalized moments with respect to general
functions rather than the standard moments, which are
derived from an inner product with respect to the monomials.
However, they only elaborate the method for fractional
moments, that is, moments with respect to x4, rather than just
. In a later alrticle,13 these authors show that their method
is essentially equivalent to QMOM.

Marchisio et al.>'* explore the applicability of QMOM to
population-balance problems with nucleation, growth and
aggregation and later extend the discussion to aggregation
and breakage problems. In the work of this group the method
is implemented in a CFD code to facilitate the simultaneous
solution of fluid and population dynamics.'> Marchisio and
Fox'® also develop the “direct” QMOM which extends in a
straightforward manner to multidimensional PBEs, and is
especially suited for the implementation in CFD codes to
facilitate a simultaneous solution of population and fluid-
dynamic problems.

Motz et al.>!7 apply the method to particulate processes in
general with a focus on suspension crystallization. In these
publications a broad range of kinetics like growth, nuclea-
tion, breakage, attrition and agglomeration is covered.

Apart from the earlier cited contributions that developed
QMOM, the method has also been extensively evaluated in
the literature and error analysis of varying depth have been
performed. Almost all authors have validated QMOM against
analytical solutions for simple test problems. QMOM has
also been compared to other moment methods, high-resolution
methods or Monte Carlo methods for harder problems: Pisku-
nov et al."? compare their results to computations with a fi-
nite element method (FEM) and with a moving grid method.
Marchisio et al.>'*'®'® have analyzed QMOM by compari-
son to different sectional methods, Monte Carlo simulations,
and with numerical quadrature of analytical solutions for
macroscopic population balances, and perform a comparison
of the direct QMOM to QMOM for the macroscopic PBE for
a range of phenomena. Motz et al.*'7 compare their results
to high-resolution computations with the conservation ele-
ment solution element method,19 and with a sectional
method. Furthermore, the method has been compared to other
moment methods, to computations with a standard FEM, and
to an FEM with transformed coordinate system for coagula-
tion and sintering problems.”® Upadhyay and Ezekoye®' eval-
uate the 1-point QMOM for the solution of aerosol processes
involving nucleation, growth, and coagulation by comparison
to a moment closure which assumes a log-normal shape of
the particle distribution. Kostogolou and Karabelas® investi-
gate the behavior of QMOM, and of a set of other moment
methods for homogeneous breakage problems by comparison
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to the self-similar analytical solution. Note, that the fore-
going review is limited to contributions either developing or
evaluating QMOM. Contributions mainly focussing on the
application of the method are not included.

In contrast to previous contributions developing QMOM, ' >*~17
this work focuses on the development of a generalized
framework, which embraces the various approaches. It is
shown, how the existing methods are derived from the sug-
gested framework, and their similarities and differences are
uncovered. The framework is based on the use of generalized
moments, and a coordinate transformation of the PBE. It is
presented such that the derivation of a problem-tailored
QMOM method can easily be performed. As an example, a
new QMOM variant is derived which is based on generalized
moments formulated with respect to parameter dependent
Laguerre polynomials.

After the presentation of the framework, the various
approaches to QMOM are evaluated in a numerical study. In
light of the many numerical studies cited earlier, one might
ask what further benefit is expected from yet another study.
First, most of the earlier analyses have the disadvantage that
they compare QMOM results to a solution for which the so-
lution error itself is unknown. For example, Motz assumes
that the deviations observed between QMOM, and high-reso-
Iution computations originate from the errors in the high-re-
solution computations, and that QMOM is more accurate.!”
In our case studies, we compare QMOM results to solutions
obtained with Parsival.>> Parsival uses an hp-adaptive discon-
tinuous FEM, where the user can prescribe a relative error
bound on the solution that is guaranteed by the algorithm.
Therefore, Parsival provides a highly accurate reference solu-
tion. Secondly, since the publication of QMOM by McGraw'
many variants of the method have been published. This arti-
cle develops a generalized framework for QMOM, thus,
uncovering the similarities and differences between the
approaches. Third, for the cases studied in the literature, the
QMOM solution mostly seems to approach the true solution
rapidly with increasing resolution. Only Marchisio et al.'*'®
report other observations. In our work, with typical suspen-
sion crystallization models, we rarely found the favorable
behavior reported in most previous publications. Therefore,
the behavior of QMOM and the error sources involved are
analyzed systematically in this publication, and guidelines
for the use of QMOM are developed. Only with help of such
a detailed analysis the practitioner can reckon whether
observed problems could be the result of inherent limitations
of the method.

In our numerical study, the behavior of QMOM is eval-
uated using a set of test problems of varying complexity.
The test problems comprise a simple fines dissolution pro-
cess, a simple crystallizer with fines dissolution, and a com-
plex, industrially relevant crystallization process with size-
dependent growth, attrition and fines dissolution. Conse-
quently, the influence of the interaction of the phenomena
can be studied in a systematic way. The study uncovers sig-
nificant general limitations of the method for the approxima-
tion of phenomena that act strictly locally on a given size
range of the particle distribution. Based on our findings,
guidelines for the application of the method to crystallization
models are developed which may also carry over to the solu-
tion of other types of population balance models.
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In the numerical study, the quadrature error as well as the
qualitative and quantitative solution behavior is investigated
by means of dynamic simulation, numerical continuation,
and bifurcation analysis. To the authors’ knowledge, the abil-
ity of the method to properly represent the stability behavior
of the process, which is essential for control applications, is
investigated for the first time.

The focus of the present study is on models with one in-
ternal coordinate that are relevant in the field of suspension
crystallization. Nevertheless, many of the findings directly
carry over to the use of QMOM with more general popula-
tion balance models involving multiple internal coordinates.

Generalized Framework for QMOM

Population balance models for suspension
crystallization processes

In this contribution, the application of QMOM to models
of well-mixed suspension crystallization processes is addressed.
According to the population balance framework discussed in
the textbook by Randolph and Larson,’ the solid phase is
assumed to be well described by a particular dispersive state,
rather than having to consider individual crystals. Hence, it
can be represented by a number density function n(x, f),
which is a function of a characteristic coordinate x, and time
t. In this contribution we assume that the x-coordinate repre-
sents the particle size. The rate of change of the particle den-
sity n is described by the population balance equati0n4’5

an(a);, N _ _a(G(Xaél”(xv ), I;[B,,(x, 1) = Dy(x,1)]
1 dv(r)
—n(x,t)$7 (1)

Here, G is a possibly size-dependent growth function, B, and
D,, are general birth and death terms due to phenomena p.
V represents the suspension volume.

In addition to the solid phase, the liquid phase has to be
modeled in terms of mass balances. The solute balance has
to account for the potential exchange of matter between the
solid, and the liquid phases

dm,(t)
dt

= Fin([) cine(t) _Fout([) Sout (t) Ce(t) - Zsp([)a (2)

peP

where m, is the mass of solute, F;, and F, are the inlet and
outlet suspension flow rates, ¢, and c. are the mass concen-
trations of solute in the feed and the vessel, €, is the void
fraction in the outlet stream, and the S, describe the
exchange between the solid and the liquid phases. Usually,
an analogous mass balance without exchange terms also has
to be added for the solvent. Commonly, exchange terms for
growth, nucleation and ideal dissolution have to be taken
into account in the mass balance of the crystallizing species
by

Ser(t) = 3k, p, V(2) /0 h G(x,1t) n(x, 1) x* dx, 3)
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Souc(t) = ky p, V(1) / Buue(x, 1) x° dx, 4)
0

Sdiss([) = kv Py Fdiss(t)/ hdiss(x, t) n(x, t) X3 dx. (5)
0

respectively. In Egs. 3-5 k, is the shape factor, p, is the
mass density of the solid phase, By, is a nucleation rate,
Py 1s the suspension flow with which particles are removed,
and hg;s 1s a classification function. The term Sg;s might for
instance be used to model the effect of an ideal fines trap.
Another coupling between the mass balances, and the popu-
lation balances is introduced via the void fractions &gy;.

Transformation of the size coordinate

Under certain circumstances, it is favorable to transform
the characteristic coordinate of the population balance. A fre-
quently encountered example is the transformation of a
model from a particle volume to a particle size coordinate.
Coordinate transformations in conjunction with QMOM have
been successfully applied to solve pure coagulation, as well
as combined coagulation and condensation problems in aero-
sol science.”'®'? Note, however, that the idea of using a
transformed population balance is not new. The concept has
already been used in earlier attempts to solve the PBE.** In
the Appendix, the relations for a general transformation of
the phenomenological terms typically occurring in suspension
crystallization models are presented. Therefore, this para-
graph only introduces the basic notation.

We use a bijective transformation function 7 to express
the population balance, originally formulated in the x-coordi-
nate, in the new z-coordinate:

x=T(z) and z=T '(x). 6)

Since the number of particles n(x, f)dx in the size range [x,
x + dx] has to be preserved, the expression for the density
function n'?(z, £) in the new coordinate system is given by

)

The superscripts (z) and (x) denote the coordinate system of
the density function n. The transformed population balance
and the expressions for the transformed kinetics are presented
in Appendix A.

Weighting function

The idea to use generalized moments with QMOM is
adopted from Piskunov and Golubev,'? who did, however,
not fully exploit this idea.

The standard moments of the number density function are
defined as

00 T (c0) )
() = g (1) =/0 n(x,t) x* dx = /TI(O) 1 (2,07 (z)" dz.
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The lower-order standard moments are of direct physical
relevance if x has the meaning of a particle size or of a vol-
ume coordinate. It can, however, be favorable to compute
generalized moments ,u,fLw in a transformed space (super-
script z) with respect to a general parameter dependent, line-
arly independent weighting function ¢.(z, p)

T (o0)

uF (1, p(r) = / 19 (z,0) ¢y (z,p(1) dz. (9

T-1(0)

We adopt here the name weighting functions for the set of
functions ¢(z, p(¢)) due to the analogy with the weighting
(or test) functions used in the method of weighted residuals
(MWR).?®> These functions are not to be confused with the
weight function used in the terminology of quadrature and
orthogonal polynomials.7 Specific weighting functions have
been used already in the earliest attempts to solve the PBE.
See for example the work by Singh and Ramkrishna®® or
Chiu and Christofides>”?® and references, therein, for prob-
lem tailored weighting functions. Parameter dependent weight-
ing functions are treated in depth by Deuflhard and Wulkow?’
in the context of MWR.

In the following, let p € R™". In general the parameter vec-
tor p is a function of time. If so, these parameters can be
chosen to have a direct physical meaning in terms of the
properties of a distribution, such as a mean-particle size. In
this setting, the parameters are computed from functions f,?’
of the standard moments by

ps(t) =fP(n(0), s=1...N,, (10)
The functions f¢ are usually chosen such that the general-
ized moments of first up to N,-th order vanish, that is,
uEPw p) = ... = pi7 2 p(1) = 0.+*° Consequently, N,
degrees of freedom are shifted from the moment space to the
space of time-varying parameters. In fact, the procedure acts
like a nonlinear transformation of the solution space.

Quadrature closure

The essence of the quadrature closure is to view the num-
ber density n(z, f) as a general-weight function in the sense
of classical Gauss-Christoffel quadrature,” and to approxi-
mate the integrals that appear during the transformation of
the population balance to moment equations in terms of the
N, quadrature abscissas and weights

T (c0) Ny
L e RS w00, an
! =1

Here, {; and w; are the quadrature abscissas and weights
respectively, and f denotes an arbitrary function. This quadra-
ture scheme is exact if f is a polynomial up to the order
2N, — 1 in z. Therefore, the standard moments up to this
order are represented exactly by the quadrature scheme. This
property is exploited in QMOM because conversely the abscis-
sas and weights can be computed from the knowledge of the
moments. "

In the following we sort the generalized moments and time-
varying parameters according to & = [u§?, uny&?, ...,

p+1
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uéf&d’fl, Plr- s pNI]T, where the vanishing moments are
. ,

replaced by the parameters (see Eq. 10). Further, we com-
prise the abscissas and weights in one vector 5 = [w’, {7]".
In the following the time dependence is omitted, when it
is clear from the context. From the defining equation for the
generalized moments (Eq. 9) one obtains with Eq. 11

N4
0= (p) =" m.p) = 1" () = > wi (G,
i=1

k=1,...,2N,—1 (12)

where the map g% (y, p) from the abscissas, weights, and
time-varying parameters to the generalized moments is intro-
duced. The equality in Eq. 12 only holds if ¢.(z, p) are poly-
nomials up to degree 2N, — 1 in z.73Y Therefore, the use of
polynomial ¢, is the preferred choice. This publication is
also limited to this choice even though the derived equations
hold for the general case unless otherwise stated.

The earlier relations establish a correspondence between
the generalized moments in the transformed space, and the
abscissas and weights. In most cases, however, QMOM is
employed to compute the standard moments. It follows from
Egs. 8 and 11 that one can approximate these by

N‘/
me g = wiT) k=0..2N,—1 (13)
i=1

It is clear that this expression is not exact in the sense of
the Gauss-Christoffel-quadrature for general choices of T.
Nevertheless, it is exact (at least for a number of the standard
moments) for certain special choices of 7, such as T(z) = z,
T(z) =z with o € N, and for ¢, being polynomials of at
most degree 2N, — 1.

If time-varying parameters p are to be considered, it is
convenient to formulate the system Eq. 12 in a slightly dif-
ferent manner: the N, equations of the vanishing generalized
moments are replaced by the defining equations for the pa-
rameters (Eq. 10). If we work with a transformation for
which Eq. 13 is exact, it is further convenient to substitute
Eq. 13 into Eq. 10. Then, the following system is obtained.

&=g"" (). (14)

Recall that & comprises all nonvanishing moments and time-
varying parameters, and n includes the abscissas and weights.
Note, that Eq. 14 reduces to Eq. 12 if no time-varying pa-
rameters, and no transformation are considered as in the
standard QMOM.

There are a number of ways to compute the abscissas and
nodes #n of the Gauss-Christoffel quadrature scheme for given
moments and parameters &. The different approaches can be
divided into two groups. The first group solves Eq. 12 or
Eq. 14 directly in a brute force approach by means of a non-
linear equation solver. In the literature on Gaussian quadra-
ture it is stated that this approach has a justification in its
own right, especially for nonstandard quadrature problems.*’
This approach obviously is very flexible. However, it is often
feasible for a small number of abscissas and weights N,
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only. This is usually no limitation for QMOM, because the
number of abscissas and weights almost never exceeds N, =
10. For example, most publications on QMOM only work
with 1 < N, < 4. Such an approach also has to be used, if
non- polynomlal ¢, were selected."”*? The second group of
solution approaches views the quadrature problem in the light
of orthogonal polynomials. The moments contain information
on the distribution, which can be exploited in order to set up
a three-term recurrence relation for a set of polynomials or-
thogonal with respect to the particle distribution n. From the
coefficients of the three-term recurrence relation a tri-diago-
nal matrix, the so called Jacobi or terminal matrix, is setup.
The eigenvalues of this matrix are the abscissas of the quad-
rature scheme, whereas the weights can be determined from
its eigenvectors. The approach is known for its high-degree
of accuracy and efficiency.

Derivation of moment equations

In order to compute the abscissas and weights of the
Gauss-Christoffel quadrature scheme, the moments are
needed as functions of time. The general moment equations
are derived in the following. These equations hold for an ar-
bitrary choice of linearly independent weighting functions
and arbitrary bijective transformations unless otherwise
stated.

In analogy to the standard QMOM the derivation starts
from the transformed PBE in Eq. A1l by multiplication with
the weighting function ¢, followed by an integration over
the domain.' Using the definition of the moments (Eq. 9),
and the quadrature approximation of the integrals (Eq. 11)
the contributions of the single phenomena are derived term
by term.

Holdup

In order to transform the holdup term in Eq. 1, the time
derivative of Eq. 9 is considered. After an interchange of dif-
ferentiation and integration, the product rule is applied to
compute the time derivative of the integrand in the righthand
side of Eq. 9. Then, a comparison of the resulting terms with
the transformed holdup term from Eq. 1 yields

an() d
AW 20 g eop(0) de = S (,p(0)

_ /Tl(oo> 9z, 1) Z S0ul2 p(0) dpel1)
T

dz. 15
~1(0) = aps dt ( )

The integral on the righthand side can qualitatively be under-
stood as a correction term for the time derivative of the gen-
eralized moments due to the presence of time-varying param-
eters p. The term can be approximated in terms of the quad-
rature (Eq. 11)

T (e0) 3y (z,p) o 3¢(Cip)
() K\Z P d NE OPei P (16)
nwi(z 7 Wi .
\/T*‘(O) ( ) apv i—1 apv
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Particle growth

In the general case of size-dependent particle growth one
obtains by partial integration

)
/ M b, (z,p) dz
7-1(0)
— [696) @) gl

“1(o0) B
_/T G9(2) n(l)(z)m dz.  (17)
T-1(0) 0z

Here, we assume the boundary conditions: n® (z = T7Y0) =
0 and n®@z - T7' (o0)) = 0, which imply that nucleation
takes place inside the z-domain and not on the boundary. In
this case, the first term on the righthand side vanishes. Again,
the integral on the righthand side can be approximated with
Eq. 11 to yield

T ()
/ G (2) n(“’)( )
T-1(0)

645 (z,p)
kaz . (18)

Oy (z, p
0z
N,

Z
i=1 =(;

The boundary condition n(z)(z = T7-%0)) = 0 does not
hold, if small particles dissolve and vanish in an undersatu-
rated solution due to negative growth and crossing of the left
boundary of the particle-size domain. In fact, none of the
existing moment methods describes such a behavior. How-
ever, Motz et al.* suggest an ad hoc solution to this problem.
In all our computations the growth rate remains positive in
the small particle range. Hence, this problem does not occur
here.

Nucleation

In the nucleation phenomenon BED(x) = bpue® nS(x)
particles are formed at a time-dependent rate b,..(f) with a
given normalized-size distribution n,ﬂ‘fl)c(x). This phenomenon

is transformed to generalized moment equations as follows

T ()
L [Baelocr e

T~ (c0)
=) [ L) 616p) e = bl (19
Here, uk(nff’f are the generalized moments of the distribution
of nuclei in the transformed space. A normalization in terms
of the standard moments of the distribution of nuclei also
holds in the transformed space, according to the meaning of
baue(?) as a nucleation rate. For example u§iue = figme = 1
has to hold if b,..(f) specifies the number of nuclei formed

per unit suspension volume and unit time.

Particle removal

The sink term due to removal of particles from the control
volume with the suspension flow rate F,, and classification
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function A(x) is treated as follows
T ()
[ [-phe]eew e
T71(0)
T~ (c0)
:—/ Fauh ()
T-1(0)
Fout Z Wl

For an unclassified removal, the sink term can be
expressed directly in terms of the generalized moments
1. This is also exploited if particles are added to the
control volume, for example, by a feed stream. Complete dis-
solution of particles (for example, in a fines trap) can also be
treated analogously.

n9(z) ¢y (z,p) d

&) ¢i(Gip)- (20)

Agglomeration

If one starts with the source and sink terms for agglome-
ration (Eqs. A4-A6) and performs similar calculations as
Litster et al.*> or Motz'” involving a coordinate transforma-
tion of the integral, one obtains

/ rl(m)[ngg( )~ DG ()] ¢ul2.p) d

") 341/3
/ / BT H(TE) + () Pp)

—du(Z,p) - %(Z",p)]ﬂ( (,2")n()n(e") d2 @ (21)

=2
=

[ (T~ (T’ +T(E)) ', p) — di(Cip)

1

Q

N —

4

Lj

— (G PIB (G ) wiwy. (22)

Here, (7,7 is the aggregation frequency in the trans-
formed space. If we would choose ¢, = Zand x = T(z) = z,
then Eq. 21 is just the expression given by Litster et al.*?
The result is obtained for a symmetric agglomeration kernel
f under the assumption that lim, . 7(z) = oco. This means
that the formula does not apply if the transformation maps
the infinite particle-size domain into a finite domain, as
done for example by a tan-shaped transformation. Neverthe-
less, the formula can be used for the usual transformations
as power, exponential, and the like, or for a transition to a
particle-volume frame.

Breakage

For breakage or dispersion, the source and sink terms are
treated separately. The sink term is transformed to general-
ized moment equations by

/TTI(OO)[ DLy (2)] duz.p) 2

~1(0)

)
= [, I b 23)
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qsk(Cza p) (24)

_§ :W’ break

Here, di2. (2) is the breakage rate in the transformed space,
that is, the rate at which particles of size 7(z) disappear from
the control volume.

In a similar fashion the formation of the fragments, that is,
the source term, is treated.

S 7o)
[ o] sema= [ o)
T-1(0) 7-1(0)

T7'(c0) i
x /m) Noreac?(2,7) iy () ) () d dz. (25)

Here, y9(z, ') is the fragment distribution in the transformed
space, and Ny, denotes the number of fragments formed in
each breakage event. From this point, two directions to pro-
ceed to the moment equations are found in the literature.
Marchisio et al.'* change the order of integration

—1

T (o0) )
/ |:Bb_reak(z)1| (/)k (Za p) dz
T-1(0)

T~'(c0)
:/ Nbreak dbreak( )n ( )

T-1(0)

T ()
X ( / 7z, 2) i (2, p) d2> dZ. (26)
JT-1(0)

and perform an analytical preprocessing of the fragment dis-
tribution equivalent to

L T (o0 B}
0= [ hep e @)

Then, the following quadrature approximation is obtained

T-1(c0) Ne o
/T [Béreak( ):| ¢k (Zap) dZ%Nbreak Zwi “?1(;’4)) (gz) dbreak(Ci)
i=1

“1(0)
(28)

for the source term. Motz et al.> suggest a different route.
They split up the integral over the fragment distribution into
a sum over the Ny contributions from the breakage event.
If their derivation is followed for the generalized moments in
the transformed space the source term can be approximated as

4q.

T'(c0) Nows N
/T‘(()) |:Bt<;r>edk( )} ¢r(z,p dZNZZWI¢k T
_ij( (gi))})dbreak(gi). (29)

Here, Ax;(x) denotes the difference in size of the original parti-
cle, and the particle produced by the breakage event.
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Interaction with the liquid phase

The interaction with the liquid phase defined by Eqs. 3-5
is likewise approximated using the identity in Eq. 7 for the
transformed density function, and the quadrature approxima-
tion in Eq. 11

T-'(00)

S =3k p, V / G (z) n9(2) T(2)*
T-1(0) dz

sz()

N‘I
~ 3k, p, VZWI' G<Z)(Cz) (&)

i=1

» (30)

z=(;
Snuc - kv ,DSV/ Bnuc(x) X3dx - kv Ps Vv H3 e (31)
0

T~'(c0)
Sdiss = kv Px Fdiss/ h((hss( ) <)(Z) T(Z)3 dz
T-1(0)

N‘/
~ ke py Faiss > wi hGL () T(G) . (32)

i=1

We have used Eq. Al in Eq. 30. u3,,c in Eq. 31 denotes the
third-order standard moment of the distribution of nuclei.

Overall structure of the system of equations

The earlier derived Eqs. 15-29 can be cast in the form of
an implicit differential equation system

dé:

The matrix M comprises the factors of the time differentials
of the generalized moments and the time-varying parameters
in Eq. 15. The functions f*? comprise the contributions of
the individual phenomena in Eqgs. 17-29.

A closed system of equations can be obtained in the
following ways. First, a linearly implicit differential algebraic
system comprising Eqgs. 33 and 14 can be set up to result in

<M(f, ") 0) d <¢) I ()
0 0/dt\n &— g ()
= FEOPAE & ). (34)
To our knowledge, this DAE system has not yet been studied
in the literature. We denote it as the QMOM-DAE formulation.

Second, index reduction by differentiation®** results in the
(linearly implicit) system of differential equations

F(z,(/),ODE) (")
(35)

Mg () < m)B(n) L = 159 (&) ) =

denoted as the QMOM-ODE. In the derivation of Eq. 35 we
take advantage of the fact that the vgctor & is given explicitly
by Eq. 14. The matrix B(y) = "a—”() refers to the Jacobian
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of the system in Eq. 14, which should not be confused with
the Jacobi matrix of the quadrature algorithm. The detailed
derivation of the above system is presented by Motz'’ for
the special case of standard moments, even though the con-
nection to the index reduction is not established there. From
this system, direct QMOM'® for lumped models is derived
after a short calculation, if one replaces the abscissas (; by
new variables /4; := w; (; in the differential terms only.
Direct QMOM is further designed as an explicit method,
where the integrator only sees an explicit ODE in the new
variables, which has the form

—N=g (36)

Here, the vector # = [w”,A’]" includes the new variables.
According to Marchisio and Fox,'® { can be interpreted as
the vector of source terms for the new variables. It is com-
puted explicitly in each integration step from the linear
system

Mg (n),mB(n)s =4 (g (), m) (37

The matrix B(y) is given in the Appendix. In the absence of
parameter dependent weighting functions this matrix only
depends on { and not on w. It is assumed that the matrix,
therefore, has favorable properties if some weights vanish.'®
This is probably the reason, why the abscissas are not substi-
tuted entirely. The explicit form of the method also makes it
particularly amenable to the implementation in CFD solvers.
Note, however, that in each solution step {; =<t has to be
computed before the linear system in Eq. 37 can be solved
for g. Therefore, an_implicit dependence on the w is never-
theless present in B(#). In the following, we refer to the
direct QMOM as QMOM-DODE method, because without
the change of variables it is essentially an explicit reformula-
tion of QMOM-ODE, where Eq. 35 is multiplied by the
inverse of the matrix (MB) from the left.

Third, the abscissas and weights can be computed impli-
citly by an algorithm as described above'™?

F(z,d),EIG)(é).
(38)

M(E 859 (8) T8 = 19 (2 g5 (8)) =

With g(z"m”1 (&), we refer to the inversion of the system & =
g () by means of an appropriate algorithm. In our im-
plementation we used the same algorithm as Motz et al.,?
that is, the long quotient difference algorithm.**> We refer the
reader to the book of Gautschi’ and references, therein, for
an overview on algorithms for the inversion of g(””). Since it
is standard nowadays to compute the abscissas and weights
by solution of an eigenvalue problem of the Jacobi (or termi-
nal) matrix, we call this approach QMOM-EIG.

Note, that all systems have to be augmented by the mass
balances and further constitutive equations. For the numerical
solution of the above systems, derivative information is
required. In our computations we use analytical derivatives
which are readily obtained by application of the chain rule.
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Existing QMOM approaches

The current QMOM approaches can be derived from the
QMOM-EIG, QMOM-ODE, or QMOM-DODE formulations.
All existing approaches work with a set of weighting func-
tions ¢,(z) without time-varying parameters. Therefore, M is
the identity matrix for all these approaches.

The standard QMOM method'-*'* is obviously obtained if
we let ¢p(z) = z* and x = T(z) = z, and use the QMOM-EIG
formulation in Eq. 38

”ff =1(&,g"1(8). (39)
t
The approach taken by Piskunov and Golubev'? is obtained
if one chooses ¢, (z) = z» and x = T(z) = z. The earlier deri-
vations show that this choice is equivalent to using ¢(z) = z*
and x = T(z) = Z% that is, the standard QMOM formulation
with exponential transformation, which was used later by
Yoon and McGraw.'® Piskunov and Golubev'? implement a
variant of Eq. 35. Their calculations are equivalent to a multi-
plication of the system in Eq. 35 by B™' from the left in each
time step. Most probably this is done in order to solve the
system with an ODE integrator. Essentially, the same ap-
proach is taken by McGraw and Wright. ? They call this the
Jacobian transformation approach They suggest, that one
could use an analytical inverse B~'.° This approach is, how-
ever, limited to small systems only. In the general case, a nu-
merical inversion of B would be necessary as it is also done
in direct QMOM.16 In contrast to the other contributions,
Motz'” works directly with the linearly implicit differential
system stated in Eq. 35, specialized for standard moments to

B(n) n*f“)( (), n). (40)

Motz'” also suggests to use the quadrature algorithm for an
initialization of the abscissas and nodes for given initial
moments. This strategy is also employed in this work. Con-
sidering that the QMOM-ODE system is derived by an index
reduction of the differential-algebraic system, a consistent ini-
tialization of the initial values is of paramount importance in
order to obtain accurate results.

The standard direct QMOM of Marchisio and Fox!® fol-
lows directly from the QMOM-DODE formulation in
Egs. 36 and 37. The source terms { are then computed from

B(n)c = £ (g (), ). (41)

To our knowledge only Yoon and McGraw'® rigorously
address the subject of coordinate transformation. The deriva-
tions in their article are performed for coagulation and sinter-
ing for two specific transformations, namely the power trans-
formation 7(z) = z%, and an exponential transformation
T(z) = exp(z). This leads us to the question how a beneficial
transformation can be found in general. Since the choice of
the weighting functions ¢, by Piskunov and Golubev'?
equivalent to the use of the power transformation with the
standard weighting functions x*, we also ask the question
what other choices of ¢, could be used. Both questions are
addressed in detail in the numerical study below.
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QMOM using Laguerre polynomials

With help of the earlier relations, the derivation of a
QMOM method for a specific choice of the weighting func-
tions ¢, is straightforward. Continuous crystallization pro-
cesses with nucleation and growth kinetics usually produce a
particle-size distribution of near exponential shape. There-
fore, we choose a parameter dependent weighting function of
exponential shape (z, p) = pe " as done by Deuflhard and
Wulkow,? in the context of polymerization processes with a
discrete internal coordinate. The polynomials, which are or-
thogonal with respect to this function are then the parameter-
dependent Laguerre polynomials ¢.(z, p) = li(z, p). A detailed
description of the discrete version of these polynomials is
found in Deuflhard and Wulkow.*® If one chooses p = (,u(() /
,u% )) as an instance of Eq. 10,*%° the first-order generalized
moment vanishes, 1;"” = 0, and a differential equation for
the parameter p is obtained. In the following, we denote the
resulting method by LAG-QMOM. The prefix LAG denotes
that equations for generalized moments with respect to
Laguerre polynomials are considered. Note, that these equa-
tions can be solved by means of any of the three formula-
tions {DAE, ODE, DODE, EIG} introduced above.

The proposed method is similar to the global Galerkin
method described by Deuflhard and Wulkow.?’ Due to the
orthogonality of the Laguerre polynomials, the generalized
moments have the meaning of the coefficients of a weighted
polynomial expansion of the distribution n. This shows how
the generalized framework presented above incorporates
the current QMOM, and ideas of the older global MWR
approach.

When using LAG-QMOM-EIG, we compute the abscissas
and nodes with respect to the generalized moments. This is done
by means of the algorithm stated by Sack and Donovan.>>
There, the computation of the recurrence relation of the poly-
nomials orthogonal to n® is then better conditioned. Accord-
ingly, the computation of the abscissas and weights is faci-
litated if n® is close in shape to the exponential distribu-
tion. For a continuous crystallizer with nucleation, growth
and product removal, n® directly has an exponential shape.
In this case, one would then use a transformation that does
not distort this shape too much. Of course a distortion is
completely avoided if the identity transformation x = 7(z) =
z is used.

It is also important to notice that no matter whether the
algorithm is used with standard moments or with Laguerre
moments, it should be indifferent to the results when ideal
computations could be performed. Nevertheless, it is known
that equal results are not necessarily obtained for finite preci-
sion computations.”>*° Similarly, it should be expected that
also the behavior of the other formulations improves over the
standard ones.

Numerical studies

In the numerical study, reference simulations with the error
controlled, adaptive population balance solver Parsival®® are
performed in order to asses the overall error of QMOM. In
Parsival, the relative weighted error of the particle-size distri-
bution can be controlled up to a user specified tolerance. In
our computations we work with a value of tol = le-3. The
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simulations of the QMOM models are performed in Matlab®’
using a mex-interface to the integrator DASSL.*® The continu-
ation study is performed using a Matlab based continuation
code.* The computations are carried out on a Laptop with an
Intel Pentium M processor with 1.4 GHz and 1 GB RAM.

Fines-dissolution process

In the first case study we investigate the behavior of the
standard QMOM in DAE, ODE, DODE, and EIG formula-
tion for a discontinuous fines dissolution process. The pro-
cess takes place in a vessel with volume V = 1 m’. The ini-
tial particle size distribution assumes a Gaussian shape (X =
0.4 mm, ¢ = 0.05 mm, Ny = 1(10°#/m?)). From the vessel,
a stream of suspension with flow rate F; =10 m®/h is re-
moved with a classification function

h(x) :% {1 —tanh<pf2x;pf])}, (42)

where we choose psy = 0.4 mm and pp, = 20. The dissolved
material is fed back to the vessel. Since we assume the same
density for the crystalline material and the dissolved liquid
component, the volume of the vessel remains constant. The
time horizon for the integration starts at 7o = 0 h and ends at
13 end — 10 h

Transformations

In a first step, this process is simulated with the standard
QMOM-ODE without a coordinate transformation. For all
simulations, the relative and absolute integrator tolerances in
DASSL are set to le-4. Note, that this time integration toler-
ance is not comparable to the tolerance specified in Parsival,
because Parsival controls the error of the overall distribution.
In Figure 1a, the results for y, are compared to a simulation
in Parsival. For two abscissas and weights, N, = 2, the simu-
lation reaches the final time ¢,,;, = 10 h. This simulation
takes less than 0.27 CPUs. However, for N, > 3 the integra-
tor gets stuck at a certain time taking ever smaller steps. We
aborted the simulations at about t = 5.7 h for N, = 3, t =

50hforN,=4,t=21hforN,=5,¢t= 11hfor N, =
6, t = 0.7 h for N, = 7, because the simulations did not
show any progress at these points even after very long inte-
gration times. For higher-values of N, the integrator exited
with an error already in the first step. In the following, we
abort all simulations, when they take longer than about 100
times the time of the last successful run with fewer abscissas
and weights.

Since the number N, is usually limited to a small range, it
is desirable in practice that the error in the QMOM solution
for a selected set of moments, that is, uo,...,us, decreases
monotonically with increasing N, for each time t. Figure 1
shows that standard QMOM-ODE indeed approaches the ref-
erence solution with increasing N, for very short integration
times. However, for longer integration times the QMOM so-
lution oscillates around the reference solution with increasing
N,. Therefore, at a given time the QMOM solutions with a
higher-value of N, do not necessarily lie closer to the refer-
ence solution than those with a lower N,. This makes the
behavior of QMOM difficult to predict. Also remember that
the solution cannot be computed over the full time horizon
for all N, > 3.

Therefore, in a second step the same process is simulated
using the power transformation 7(z) = z°. With this transfor-
mation the final time is reached for N, = 2, 3, 4, but not for
N, > 5. The obtained trajectories of all moments lie compa-
ratively close to the trajectories of the model without trans-
formation. However, at N, = 4 two abscissas cross during
the simulation, and for N, = 5 the first weight becomes sig-
nificantly negative. These results are inconsistent with the
underlying mathematical theory of the quadrature approxima-
tion and the physics of the process. With the exponential
transformation 7(z) = exp(z) — 1, none of the simulations
could be completed successfully. However, when choosing a
problem tailored transformation 7'(z) = (psi /py2) arctanhIn(z) +
pr1 the results displayed in Figure 1B are obtained. Here,
almost all simulations for N, = 2,...,10 reach the final time.
Only the simulation for N, = 8 had to be aborted at about ¢ =
8.1 h. Even though the difference between the QMOM solu-
tion, and the reference solution is quite large for low-numbers
of abscissas and weights and usually gets worse with increas-

Figure 1. Comparison of simulation results for QMOM-ODE (solid black line) and QMOM-DODE (dotted black line)
without transformation to Parsival (bold gray line) (A), and comparison of results for QMOM-ODE with
transformation (dashed black line) to Parsival (bold gray line) (B).
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Table 1. Approximation Error of the Righthand Side without Transformation 8}\: 2 and with Transformation 81\2): ’
and Error of the Moments in the Original Space Computed with gle Abscissas and Weights k
Obtained from the Transformed moments &,

k 0 1 2 3 4 5
s,;N":K —5.07e—10 +9.34e—-03 +1.96e—02 +3.08e—02 +4.26e—02 +5.50e—02
sf'{:‘s“ —1.35e—14 +2.40e—14 —2.51le—14 +3.21e—14 —3.18e—14 —8.65e—02
sﬂkN“:‘ +4.55e—12 +4.55e—12 —2.38e—03 —7.07e—03 —1.40e—02 —2.31e—02

k is the order of the moment. The errors in 8,1-\{;5:3 which are in the order of le-14 stem from the fact that the numerical quadrature which is used to compute the

reference solution is not exact itself.

ing order of the compared moment, the solution converges to
the reference solution with increasing Ng. The relative errors
that is, the relative deviation from the reference solution in
Pl\z]irsival of 1y and puj at the final time are bi\t’gzz 100%, and
el N ~ 100% for Nq = 2. They improve with increasing N,
t0 £y "= 4.5%, e = 9.9%. The simulation takes 0.1
CPUs for N, = 2 and up to 0.25 CPUs for N, = 10. This
compares favorably to the case without transformatlon where
the smallest error at the final tlme is achleved by QMOM-
DODE (discussed later) with ey~ = 75.7%, &y’ = 69.1%.
The solution at the final time cannot be obtained for a higher-
number of abscissas and weights.

The success of this specific transformation is based on the
fact that it linearizes the fines classification function in Eq.
42 which acts locally on the untransformed particle size axis.
Consequently, a large quadrature error is observed in the
righthand side of the untransformed QMOM model. Contrary
to this, the righthand side in the transformed QMOM model
is approximated exactly for all moments, but the last one,
due to the properties of the Gaussian quadrature. Neverthe-
less, the QMOM model with transformation has the addi-
tional disadvantage that the standard moments are only
approximately obtained via Eq. 8. The errors involved in the
approximation of the righthand side and the recovery of the
standard moments are displayed for the initial conditions at
time + = 0 h in Table 1. Another disadvantage of working
with a transformation is that the approximation error of the
standard moments might directly couple back into the solu-
tion via the exchange terms (see for example Eqgs. 30 and 32)
if the kinetics depend on the liquid phase concentration. This
is not the case for the present example.

By means of an analogous analysis of the quadrature error,
the behavior of the power and exponential transformations
can be explained. The approximation errors in the righthand
side with these transformations are comparable to those with-
out transformation given in the first row of Table 1. Com-
pared to the exponential transformation, the power transfor-
mation has the advantage that it does not produce an approx-
imation error for the first N, standard moments. Note, that
analytical formulas exist for the computation of the standard
moments of a Gaussian distribution,® whereas the initial
moments in the transformed space have to be computed by
numerical quadrature with sufficient accuracy.

Another important aspect of a quadrature scheme is the
condition number of the map [g(z)(r])fl] from the moments
to the abscissas and weights. One can study the condition
number of g(z)(t])_l by regarding its inverse g(z)(q) (see Eq.
14). However, we do not compute the condition number of
g“(y) directly, but use the condition number of the Jacobian
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B = (0g"¥(5)/on) as a qualitative measure for a high or a
low relative condition number of the map itself. We resort to
this procedure, because the condition number of the Jacobian
is indicative of the error amplification, that is, for example,
experienced by a Newton solver in the linear system for each
Newton step. For conciseness we will refer to the condition
number of a map and to the condition number of its Jacobian
in the subsequent text synonymously, knowing, however,
that they are not the same. For a rigorous treatment of the
subject, we refer to Gautschi.”*° It turns out that the condi-
tion number of B at the initial point is cond(B) = 3.44e+4-04
for N, = 2 and cond(B) = 4.22e+12 for N, = 5 without
transformation. In contrast to this, we obtain cond(B) =
3.78e+00 for N, = 2 and cond(B) = 9.24e+02 for N, = 5
with transformatlon Note, that these condition numbers
occur, even though the problem itself can be regarded as
well scaled. For example, at the initial point the weights and
abs01ssas in the case without transformatlon for N, = 5 are

= [0.01, 0.22, 0.53, 022 0.011" (#/m?) and C = [0.31,
0.36, 0.40, 0.44, 0.49]7 mm. Clearly, from these numbers
one would not expect such an extreme condition number.
The finding that the map g®(i) " can be extremely ill-condi-
tioned, especially if the weight function has infinite support,
is in agreement with the literature on orthogonal polyno-
mials,” but the influence of a coordinate transformation
on the condition number is not explicitly studied in these
publications.

The condition numbers of the Jacobians of the overall sys-
tems behave in an analogous fashion. Obviously, the condi-
tion numbers of the map from the moments to the abscissas
and weights is strongly improved by the use of the problem
tailored transformation.

Formulations

When comparing the ODE versus the DODE, DAE, and
EIG formulation, the following results are obtained for the
standard case without transformation. For QMOM-DODE the
solution can be computed for N, = 2,3 over the whole inte-
gration interval. The solution for N, = 3 is given as dotted
line in Figure 1. For higher-values of N, the linear solver
used for the solution of the source terms in Eq. 37 issued
warnings saying that the matrix was too ill-conditioned to be
inverted. Eventually DASSL aborted the simulation. Note,
that for N, > 3 the QMOM-DODE simulations had to be
aborted at an earlier time point than for QMOM-ODE. For
QMOM-DAE without transformation the integrator failed to
cover the whole time horizon for every simulation and
reported a convergence error of the corrector. QMOM-EIG
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frequently issued warnings (starting from ¢ = 1.69 h for
N, = 2), indicating that negative entries in p were computed
in the long quotient difference algorithm. The square root of
the entries of p are used in the computation of the abscissas
and weights.*® From a theoretical point of view, it cannot be
guaranteed any longer that the quadrature scheme is real and
positive under these circumstances.>’ There are variants of
the quadrature algorithm which could still compute a com-
plex quadrature scheme. However, our implementation of the
algorithm is not suitable for this case. By lack of a better
means and in the hope that the algorithm might recover, we
simply set the negative entries of p to zero, but actually
these results should be discarded. In some cases the smallest
abscissa becomes negative when this strategy is applied.
Nevertheless, for the part of the solution that could be com-
puted the obtained moments are identical to within the speci-
fied tolerances in all methods.

In the case with transformation, QMOM-DODE solves the
system over the full integration horizon for N, = 2,...,7 and
aborts early for all higher values of N,, QMOM-DAE suc-
cessfully solves the systems for N, = 2,3,5,7,9, but aborts
early for all even N, > 2 with corrector convergence prob-
lems. For QMOM-EIG similar problems are observed as in
the case without transformation, but the errors occur later
(for example, at t = 7.18 h for N, = 2). Again, the required
accuracy for the computed parts of the solutions in terms of
the moments is met.

The key to the interpretation of the grossly different behav-
ior of the QMOM formulations is given in Figure 2. The fig-
ure compares the solutions for the abscissas and weights com-
puted with QMOM-ODE in the cases with (dashed lines), and
without (solid lines) transformation to abscissas and weights
computed from the reference solution for the moments
obtained in Parsival (gray lines) by means of the long quo-
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Figure 2. Comparison of abscissas and weights
obtained from the QMOM-ODE simulation
without transformation (solid black line), the
QMOM-ODE simulation with transformation
(dashed black line) and those computed
from the Parsival solution for the moments
(bold gray line).
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tient difference algorithm for N, = 2. Notice that the abscis-
sas computed in the case with transformation are transformed
back into the original space for comparison. The figure shows
a similar behavior of the first-weight for both QMOM-ODE
solutions. The weight rapidly approaches zero at the begin-
ning, and stays close to this value for the rest of the simu-
lation time. This explains the problems of the QMOM-DAE
and QMOM-EIG formulations. The algebraic system in QMOM-
DAE, becomes singular if one or more weights vanish or if
abscissas coincide. The long-quotient difference algorithm in
QMOM-EIG experiences the reported problems because the
quadrature scheme indeed becomes non-positive for the com-
puted moments. Note, however, that the weights in the ODE
and DAE cases never reach zero exactly, but vary around this
value with a small bandwidth. A comparison to the abscissas
and weights computed from the error controlled solution in
Parsival shows that QMOM fails to reproduce the trend of the
abscissas towards higher values, which is necessary to avoid
the vanishing weights. Evidently, the moments computed by
QMOM, are so much affected by error that the abscissas are
essentially insensitive. Also observe that the abscissas and
weights computed from the error controlled Parsival solution
are so noisy, while the error in the solution is controlled to be
small. The small numerical disturbances in the moments are
obviously amplified in the abscissas and weights. When Eq.
14 is used to map these abscissas and weights back onto the
Parsival solution, the moments are met within the error toler-
ance prescribed for Parsival. Note, that these observations are
most probably the consequences of the ill-conditioning of the
map g(y)~" that is investigated above. The condition numbers
indicate that the map is ill-conditioned in the untransformed
case, even though none of the weights is close to zero, nor
are the abscissas close to each other at the initial point where
these numbers are calculated. During the simulation the con-
dition numbers rise while the first weight approaches zero in
the transformed and in the untransformed case. The transfor-
mation improves this situation in so far, that the condition
numbers are always orders of magnitudes lower. These results
explain again the behavior of QMOM-DAE, but it is not clear
yet why QMOM-ODE could solve the problem. When a
weight approaches zero the mass matrix, that is, B in the
implicit system in Eq. 35 (for standard QMOM M = 1),
becomes numerically singular. The standard integrator
DASSL is an implicit DAE solver, which can readily handle
the case of a singular mass matrix. For the integrator this just
means that the ODE system becomes a DAE system. That is,
the differential index of the system changes from zero to one
during the simulation. Therefore, the behavior of QMOM-
ODE is also dependent on the integrator used. Note, however,
that in addition to B also the Jacobian of the right hand side
becomes singular in the same column as B if a weight
approaches zeros or if nodes coincide. For a perfect singular-
ity of both matrices, the system would not be solvable,
because there would essentially be more variables than equa-
tions. In the case of a near singularity of the matrices during
the numerical solution, the situation, must appear to the inte-
grator like a further increment of the differential index. What-
ever the interpretation of the situation, it is clear that with
each vanishing weight the system is harder to solve numeri-
cally. For QMOM-DODE a similar argument holds. At the
initial point the condition numbers of B and B are of compa-
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rable orders of magnitude in all runs. During the simulation,
the condition number of B increases strongly. Compared to
this, the condition number of B increases mildly only for low
numbers of abscissas and weights (N,). In the case without
transformation this is observed for N, = 2,3. For N, = 2 the
condition number even remains almost constant. However,
for all higher values of N, the conditioning of B is compara-
ble to or worse than that of B. This explains, why for N, = 3
the solution could be computed over the whole integration ho-
rizon with QMOM-DODE, but not with QMOM-ODE. Also
note that B has to be inverted numerically in Eq. 37. If the
matrix becomes very ill-conditioned (cond (B) ~ 1¢20) this
inversion is not possible any more, whereas the implicit for-
mulation of QMOM-ODE still works fine if such condition
numbers are observed in B. For this reason QMOM-DODE
aborted the simulations with large N, earlier than QMOM-
ODE. In the case with transformation the condition number
of B remains lower than that of B for N, < 6. Obviously
QMOM-DODE behaves favorably for low-numbers of abscis-
sas and weights, the exact number of N, being problem
dependent.

The discussion also explains the differences observed
between the simulations with and without transformation.
With transformation the systems are generally much better
conditioned, so that the influence of a weight which is close
to zero is not as severe as in the case without transformation.
However, the behavior of QMOM is not improved in a fun-
damental way by using the transformation, because the insen-
sitivity is the same with and without transformation. Also, no
particular reason for the failure of QMOM-ODE with trans-
formation, and N, = 8 was found. As in all other cases the
first few weights vary around zero. Inspection of the values
of the weights just shows that the integrator happens to take
a step which produces a number of very small weights in
one step and refines into the detected singularity. This could
equally well have happened in the simulations with higher
values of N,, but due to the comparatively crude integration
tolerance the integrator did not notice the approaching singu-
larity.

It is stressed that for all investigated transformations and
all numbers of abscissas and weights the same problem of
vanishing weights occurred in this example, leading to a sin-
gularity. Notice, however, that the original distributed prob-
lem is far from being singular in the prescribed time horizon.
Figure 2 shows that none of the weights computed from the
Parsival solution vanish. Therefore, it has to be concluded
that QMOM fails altogether to approximate the low-order
behavior of the distribution which is inferred from the
detailed Parsival solution in Figure 2. Nevertheless, the solu-
tion for the low-order moments could be approximated quite
reasonably with the problem tailored transformation and
high-numbers of N,. We found that the problems mainly
have to be attributed to the highly localized nature of the
used classification function. With a smoother classification
function, for example for pp, = 10 a good agreement of the
QMOM and Parsival results is observed.

Simple crystallizer with fines dissolution

This section deals with the model of a continuously oper-
ated pilot plant crystallizer (V = 1 m®) taken from Pathath
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and Kienle.*' In the model simple power law kinetics for
growth and nucleation are considered, as well as a fines dis-
solution loop. Two aspect of the fines dissolution loop are
taken into account. The first one is the removal of a fines
fraction from the crystallizer volume with a suspension flow
rate Fz. The second aspect is the dissolution of large crystals
at the bottom of the vessel, where the hot stream with dis-
solved fines is reinserted into the apparatus. The overall
effect is described by the following classification function

h(x) =% Kl - tanh(pfzx ;ffl))

‘H{f (l + tanh <pﬂ»2 R Pfd) ):| (43)
Pfel

Here, the parameter ks is used to rate the effect of fines dis-
solution against the dissolution of the large crystals. Note,
that we use a variant of the classification function used by
Pathath and Kienle*' for comparability with the fines dissolu-
tion process discussed in the previous section. However, the
chosen parameter values render our results comparable to
theirs: py = le-4 m, pp = 5, kgy = 0.5, prey = 9e-4 m,
Dre2 = 1.5. We choose as initial state for our simulation the
steady-state of the process without fines dissolution, that is,
F = 0 IIl3 / h.

In the model, the growth and nucleation kinetics can be
transformed into moment equations analytically. Therefore,
the major part of the quadrature error stems from the dissolu-
tion kinetics.

Scaling

When analyzing the QMOM-DAE model of this process it
turns out that the model is ill-conditioned. At the initial point
the condition number of the Jacobian of the DAE system Eq.
34 is cond(@FPAE(E 1) /0(E,n)) = 1.38e+26, and the condi-
tion number of B is cond (B) = 3.97e420 for N, = 2 and
cond (OFPAE(E ) /0(&,n)) = 1.73e+29 and cond(B) = 8.57¢
+39 for N, = 5. What options are there to influence the con-
dition number? Clearly, to consider the scaling of the model
is important. However, also the choice of problem-tailored
transformation, weighting function, or choice of QMOM for-
mulation may improve the situation. This set of options is
investigated briefly in the following, starting with scaling.

At the initial point the standard moments of the distribu-
tion have highly varying values ranging for example from
to(t = 0) = 1.34e+10 #/m> to po(t = 0) = 2.37e-19 #m>.
During the solution of the system the moments stay in this
order of magnitude. Obviously, a simple diagonal scaling of
the model states could drastically improve the situation. An-
other scaling approach is taken by Wang and Fox,** who use
a logarithmic transformation of the moments. Singular pertur-
bation concepts and techniques as used in the work of Chiu
and Christofides®”*® in the context of nonlinear controller
synthesis might also result in an improved conditioning of
the system by dealing with the multiple time-scales present
in the system.

Here, we use, however, yet another way of scaling,
because it is intuitive, easily implemented, and maintains the
physical meaning of the variables. We change the unit sys-
tem of the model. If, for instance, the particle number is
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measured in groups of 10° # particles instead of just 1 #/ and
if the x-coordinate is measured in 10> m = 1 mm instead
of 1 m, the values of the standard moments vary much less
in the new unit system. This is due to the individual scaling
factors that are implied by the transition from the old to the
new unit system, ie. scaling factors C, = 10° and C, =
103 for the number and the particle size units. The values
are chosen such that the connected variables are in the order
of one to ten. The value of the moment y; in the new unit
system then is {0 }"" = {1 }°/C.Ch = 10%/10° {1},
Thus, one obtains for the chosen units: uy = 13.4 10°#/m’
and po = 2.37e-1 10°#mm°/m® = 2.37e-1 #mm®. A deeper
analysis, not given here, shows that this choice of unit system
is close to an optimal scaling in terms of C, and C,. We also
scale the mass balance by measuring the mass in 10° kg =t
instead of kg. The improvement of the condition numbers is
significant: cond(0FPAE(&, 1) /0(&, 7)) = 3.24e+6 and cond
(B) = 5.58e+2 for N, = 2; cond (OFPAE(&.n)/ (&) =
8.82e+38, and cond(B) = 1.96e+7 for N, = 5.

Transformations

Inspired by the previous case study we are also tempted to
improve the condition number by means of an appropriate
transformation. It turns out, however, that a suitable transfor-
mation could not be found for this process. Neither of the
standard transformations, that is, exponential or power,
improve the condition number or the quadrature accuracy.
Also a problem tailored transformation is not found. For the
present model, the inverse of the classification function /4 is
not bijective, and, therefore, not suitable as transformation.
One could consider to take only the inverse of the fines dis-
solution part as transformation. Nevertheless, this transforma-
tion is also not suited for the wide stretched distributions
encountered in this model. The part of the x-coordinate with
x > 0.48e-3 m is mapped into T~ '(x) = 1.0. Thus, even
though theoretically favorable in the case of k; = 0, the
transformation is intractable from a numerical point of view.
In general one also finds that transformations tailored to
improve the behavior of a specific phenomenon most likely
introduce an increased quadrature error in the other phenom-
ena. This is readily observed from equations for the phenom-
ena in the transformed space derived in Appendix A.

Choice of weighting function

What are other possibilities available to cope with the
problem of a high condition number? The LAG-QMOM
method derived above could be well suited. At the initial con-
dition the distribution assumes a perfect exponential shape.
Indeed the condition number of the overall system Jacobian,
and of B at the initial condition are significantly reduced
when using the LAG-QMOM for the unscaled model:
cond(OF&1PAE) (€ ) /0(€,1)) = 9.28e+22 and cond(B) =
1.84e+14 for N, = 2, cond(QFG'PAE)(E n)/d(&,y)) =
8.59¢+22 and cond(B) = 2.83e+16 for N, = 5. However, in
the well-scaled case the improvement is moderate only: cond
(OF=1DAE) (£ w)/O(E,yy)) = 2.15¢ + 6, and cond(B) =
1.90e+2 for N, = 2, cond(0F ©1PAE) (¢ ) /O(&, ) = 8.10e+6
and cond(B) = 4.65e+4 for N, = 5.

A further analysis, not given here, shows that for the pres-
ent example the condition number of B for LAG-QMOM
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always lies below the condition number of B for standard
QMOM regardless of the scaling used. The higher the condi-
tion numbers in general, the larger usually the positive effect
of using LAG-QMOM. The condition number of both matri-
ces is, however, most significantly affected by the scaling of
the system. For example, for N, = 3, the condition numbers
in the case of optimum scaling only differ by a factor of less
than 10. The findings are qualitatively in agreement with the
literature on orthogonal polynomials.7’40 A choice of special
weighting functions does not always significantly improve
the condition number of the map ¢! from the moments
to the abscissas and weights significantly, especially for
weight functions with infinite support.

Formulation

Another possibility to reduce the condition number might
be the use of the QMOM-DODE formulation. However, in
the well-scaled case the condition numbers are only im-
proved for N, < 4, for example, cond(B) = 9.29e+1 for N,
= 2. For N, > 4 the condition number of B is worse than
that of B for example, cond(B) = 1.74e+8 for N, = 5. The
overall best condition number for small values of N, is
obtained by using LAG-QMOM-DODE, for example, cond
(ﬁ(l)) = 2.40e+1 for N, = 2. Even though, the values of the
condition numbers are compared at the initial condition, the
behavior remains comparable over the whole integration
range in this example.

Simulation results

For the simulations a relative and absolute error tolerances
of tol = le-8 are chosen in DASSL. First, we observe the
results for standard QMOM. With QMOM-ODE it is possible
to simulate the problem for all considered values of N, =
2,...,10. QMOM-DODE completes the simulations for N, =
2,...,7 without errors. For N, = 8,...,10 the solution of the
linear system leads to frequent warnings that the matrix B is
ill-conditioned, and that the solution might be inaccurate.
Nevertheless, a comparison of the solutions shows that the
relative deviation of the moments in QMOM-DODE and
QMOM-ODE is less than 3e-6 at the final time. For QMOM-
DAE the simulation is successful for N, = 2,....9. For N, =
10 the integration is aborted, because the minimum step-size
is reached. QMOM-EIG successfully solves the process
model for N, = 2,...,7. For higher values of N, the simula-
tion issued frequent warnings, because the inverse of the ill-
conditioned matrix B is used in the computation of the ana-
Iytical derivatives. With LAG-QMOM-ODE the problem is
solved without difficulties for N, = 2,...,7. The problem is
here that the derivative of the mass matrix is more complex
for LAG-QMOM-ODE than for QMOM-ODE. Therefore, we
automate its generation using Maple. For N, = 8 the created
file becomes so large that Matlab crashes with a segmenta-
tion fault, when reading it. However, when the simulation is
switched to finite differences it completes successfully for
N, = 8,...,10. LAG-QMOM-DODE solves the problem for
N, = 2,...,9 without warnings. LAG-QMOM-DAE solves
the system for N, = 2,...,8 over the full integration horizon.
For higher-values of N, the integrator aborts the simulation
early, because the minimum step-size is reached. LAG-
QMOM-EIG solves the problem for N, = 2,...,10 without
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difficulties. The results for the moments with the different
formulations in QMOM and LAG-QMOM are identical to
within the tight specified-relative error tolerance, when the
simulations complete without warnings or errors.

A comparison of the integration times shows that QMOM-
EIG usually is the computationally fastest formulation. For
N, = 5 the simulation takes only 0.61 CPUs. QMOM-ODE
and QMOM-DODE usually take approximately 40-70%
and QMOM-DAE, about 60—100% longer than QMOM-EIG.
The situation is similar for LAG-QMOM, only that LAG-
QMOM takes approximately twice the computational time
of QMOM. This is mainly due to the fact that the LAG-
QMOM equations (see Eq. 33) are more complex, and their
evaluation is more expensive particularly for large-values
of N,.

The foregoing comparison allows to draw the following
conclusions. For the present example QMOM-ODE is the
most robust formulation for standard QMOM and QMOM-
EIG is the fastest one. LAG-QMOM has the drawback of
being more complex than QMOM, which results in longer
integration times. Also, as a result of this complexity, prob-
lems are encountered with the automatically generated deriv-
atives of the mass matrix. On the other side, the strength of
LAG-QMOM is evident when the EIG formulation is used.

Since the results for the moments are identical within the
specified integration tolerances in QMOM and LAG-QMOM,
only the results of QMOM are compared to simulation
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results in Parsival in Figures 3A-D. Figures 3A and 3C
show the results for uy and us, respectively, for N, = 2, 3, 4,
and Figures 3B and 3D display the results for N, = 6, 8, 10.
For N, = 2 the QMOM results deviate largely from the Par-
sival results in terms of the dynamic behavior. The steady-
state is attained after less then 15 h, whereas the Parsival so-
lution does not attain a steady-state within the displayed inte-
gration time of 60 h. In contrast to this, the QMOM solution
is unstable and performs continuous oscillations for N, = 3.
Furthermore, for N, = 4 the QMOM solution attains the
steady-state slightly earlier than the Parsival solution and the
steady-state error (compared to the reference solution in Par-
sival) for p is larger than this error for N, = 2. Neverthe-
less, for N, = 4 the solution for 3 is reproduced quite well.
From the solution for the first few values of N, = 2, 3, 4
one could conclude that the solution is reproduced more
accurately for larger values of N,. However, the results for
N, = 6, 8, 10 evidently show that this is not the case. A
direct approach with increasing N, towards the reference so-
lution cannot be inferred from these results.

Continuation results

A similar picture is inferred from Figures 4A—4D. Figures
4A and 4C display the results of a parameter continuation
for p and us over the parameter Fr of QMOM-DAE models
for N, = 2, 3, 4, and Figures 4B and 4D show the results for
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Figure 3. Comparison of simulation results for uo (A) and us (C) in Parsival (solid gray line), and standard QMOM
with N, = 2 (solid line), N, = 3 (dotted line), N, = 4 (dashed line), and for uo (B), and u3 (D) with N, = 6
(solid line), N, = 8 (dotted line), N, = 10 (dashed line).
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Figure 4. Comparison of continuation results for g (A) and u3z (C) with QMOM-DAE with N, = 2, 3, 4, and for yq (B)
and us (D) with Ny = 6, 7, 8 (stable solutions (solid line), unstable solutions (dash dotted line), bifurcation
points (squares)). For comparison steady-states (crosses) and amplitudes (crosses connected by dotted
line) from Parsival simulations are also displayed.

the same variables for N, = 6, 7, 8. In the graph stable, and
unstable solutions are distinguished (solid and dash-dotted
lines, respectively), and bifurcation points (squares) are dis-
played. In all cases the bifurcation points are Hopf points
which result from a crossing of a complex conjugate pair of
eigenvalues over the imaginary axis. In comparison the
steady-states computed with Parsival by simulation into the
steady-state at fixed values of F are displayed as crosses.
When the Parsival solution is unstable and continuous oscil-
lations are performed, the amplitudes of the oscillation are
plotted as crosses. The bifurcation of the Parsival solution
occurs around 2.75 m*/h < F/"” < 2.8 m?/h.

Figures 4A and 4C show the same trend with respect to
the dynamic behavior as the dynamic simulations in Figures
3A and 3C. For N, = 2 no bifurcation occurs over the whole
parameter range I;f e [2, 5] m?/h. For N, = 3 the bifurcation
occurs with F/*” ~ 1.81 m?/h at smaller values of F; than
the bifurcation of the Parsival solution and for N, = 4 the
bifurcation occurs with F/™? ~ 3.8 ™ at larger values.
Notice that for N, = 4 a second pair of eigenvalues crosses
the imaginary axis at FfH””f ~ 4.61 m?/h, which does not
happen for any other QMOM model within the specified pa-
rameter range. Over the range from F; € [0, 2.75] m?/h (that
is, the stable branch of the Parsival solution) the QMOM so-
lution with N, = 4 reproduces the Parsival solution for u;
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quite well (8},:];’:4 < 0.1%), but the deviation for yug is large
(.9%’24 < 8%2}. (Zjompared to tl}vis,zthe steady-state errors for
N, =2 are ¢y ~ < 11% and ¢,] ~ < 0.5%. Since the unsta-
ble steady-states cannot be computed in Parsival, a quantita-
tive analysis is not realized for the unstable branch. It is
nevertheless striking that some QMOM models predict an
upward curvature in o, and others predict only a saturation
of the decay of py in the regarded parameter range. Again,
the increment of N, does not improve the quality of the
approximation in all respects. For higher values of N,
the location of the bifurcation point still varies largely, and
the true location of the point is approximated best for N, =
7 where F/™" = 2.84 m?/h. The solution for N, = 7 also
captures the basic trends of the Parsival solution on the sta-
ble branch. An upward curvature is predicted for the unstable
branch. The approximation errors in this case are sﬁi‘,’ﬂ <

2.3% and 81,1/::3 < 0.15% on the stable branch.

Complex crystallizer model

This section deals with a state of the art model* of the
same pilot-plant crystallizer treated as in the previous sec-
tion. Size-dependent particle growth and secondary nuclea-
tion due to attrition are considered in the model. The attrition
of large particles is modeled by means of a negative size-
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dependent growth rate which is superimposed to the kinetic
particle growth. Depending on the survival efficiency which
is a function of supersaturation, a fraction of the abraded
small particles is dissolved, whereas the rest is reinserted
into the solid phase as secondary nuclei. The fines dissolution
loop of the apparatus is modeled in the same way as in the
previous section by means of a classification function
(Eq. 43). Only the parameters of the classification function
are slightly modified in order to ensure a similar dynamic
behavior of both models. We choose kz; = 0.195 and py.y =
0.92 mm. All other parameters remain unchanged. Like the
simpler model, the Parsival model is stable for Fy < 2.75
m3/h, and unstable for Fy > 2.8 m3/h with these settings.

This model allows to study the influence of a number of
non-trivial kinetics on the QMOM solution. The growth and
attrition kinetics are relatively smooth, while the fines disso-
lution kinetics act very locally on the particle-size domain
with steep gradients.

Numerical results

Based on the experience gathered in the previous section
the investigation is started with a scaled model using the
same unit system as in the previous section. In order to ana-
lyze the behavior of QMOM, simulation and continuation
case studies similar to the ones presented in the previous sec-
tion are performed. In the simulations the QMOM-ODE for-
mulation is employed, whilst QMOM-DAE is used in the
continuation case studies.

In a first step the behavior of QMOM is investigated by
performing separate simulation studies for the growth and
attrition kinetics. Here a reduction of the approximation error
of QMOM with increasing N,, and a very good agreement of
the QMOM and Parsival results is observed. For N, > 6 the
results are within the solution tolerance of the Parsival simu-
lation. When the model is simulated for simultaneous growth
and attrition kinetics (without fines dissolution) the QMOM
solution still approaches the Parsival solution with increasing
N, but the errors turn-out to be much larger. For this model
the overall error is obviously larger than the sum of the
errors when individual phenomena are studied one at a time.
Nevertheless, the QMOM steady-state deviates only slightly
from the Parsival solution for N, > 6. When fines dissolution
is used, the deviation from the Parsival solution is substan-
tially larger with respect to both the quantitative, as well as
the qualitative behavior.

The behavior described earlier for the simulation case
study can also be inferred from the results of the continua-
tion case study displayed in Figure 5. The steady-states of
the QMOM models are plotted over the continuation para-
meter F; in the range Fy = [0, 5] m® /h. For F; = 0 m®/h the
steady-states generally approach the Parsival steady-state
(indicated by a cross) for increasing N,. However, for higher-
values of Fy QMOM steady-state solutions approach the Par-
sival solution for N, = 2, 3, 4, but deviate again from the
Parsival solution for N, = 5, 6, 7. Therefore, the deviation of
the QMOM steady-state for N, = 5 from the Parsival steady-
state is smaller than that for N, = 6, 7. This trend, however,
is stopped with N, = 8, and the QMOM solution approaches
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the Parsival solutions again for N, = 9. The solution for
N, = 10 could not be computed over the whole range due to
corrector convergence problems. The problem is here the
high-condition number of the system Jacobian.

In Figure 5, it is striking that the Parsival model becomes
unstable for Fp > 2.8 m?3 /h, but none of the displayed
QMOM solutions shows a bifurcation towards an oscillatory
behavior in the displayed range of Fy If the continuation
range is extended one finds, for example, that a Hopf bi-
furcation occurs at F/™” = 5.66 m?/h for N, = 3 and at
FHP' = 7.00 m?/h for N, = 4. Only for N, > 9 one finds
an oscillatory solution in the regarded range. However, due
to the high-condition numbers of the system Jacobian, the
test function that detects the stability of the solution in the
continuation software did not work reliably for N, > 9. For
this reason, the bifurcation point could only approximately be
found by simulation. Here one finds FfH‘”’f € [2.95, 3.0] m*/h
for N, = 9, which gives the best agreement with the Parsival
solution for all N, € [2,10]. A further analysis of the situation
shows that the larger qualitative and quantitative disagree-
ment again mainly has to be attributed to the locally acting
classification function. If the same parameter setting is used
as for the simple crystallizer with fines dissolution (k; =
0.5) the behavior of the QMOM model is improved. Here,
the Parsival model is unstable for F; > 1.8 m®/h, and the
QMOM solution for N, = 3 is unstable for F; Horf — 174

m?/h. However, the locatlon of the stability boundary again
deviates largely with the number of abscissas and weights N,
(Fy forf — 3,02 m3/h for N, = 4). Opposed to this, if only
the dissolution of small crystals is considered (kz; = 0.0), the
disagreement between QMOM and the reference solution in
Parsival is worst.

The results can be interpreted as follows. Obviously, part
of the error is due to the more complex interplay the differ-
ent phenomena. The main error, however, stems from the
poor approximation of the very localized-size dependent clas-
sification function. The smaller the value of kz, the more
localized is the overall classification function and the worse
are the results.

Summary and Conclusions

The aims of this article are twofold. First, a generalized
framework for QMOM is formulated, on the basis of which
the existing approaches are derived. Thus, similarities and
differences of the approaches are established. Also, a new
formulation based on generalized moments which are formed
with respect to parameter dependent Laguerre polynomials is
derived. By means of the presented equations any problem
tailored method with a combination of transformation and
weighting function can easily be derived.

Second, the work analyzes merits and pitfalls of QMOM
by means of test problems that include highly-localized fines
dissolution and classification functions. Notice, that the
examples are, however, by no means constructed. Most crys-
tallization processes of industrial relevance involve classifica-
tion of some sort. Additionally, the findings directly carry
over to other localized phenomena, such as some agglomera-
tion or breakage kernels.

Based on the numerical evidence, guidelines for the use of
the QMOM for general population balance models are devel-
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Figure 5. Comparison of continuation results for ug (A) and u3z (C) with QMOM-DAE with N, = 2, 3, 4, and for yq (B)
and pus (D) with N, = 5, 6, 7 (stable solutions (solid line)). For comparison steady-states (crosses), and
amplitudes (crosses connected by dotted line) from Parsival simulations are also displayed.

oped. They are summarized together with the main results in
the following paragraphs.

Performance. In terms of the computational performance
of the investigated QMOM formulations the following results
are obtained. In all test problems QMOM-ODE proves to be
the most robust formulation, if the implicit formulation to-
gether with a DAE integrator is used. QMOM-DODE usually
shows the same computational speed, but proves to be less
reliable for large numbers of abscissas and weights. QMOM-
EIG is always the computationally fastest formulation, but
also the least robust one. The LAG-QMOM variant is found
to be computationally more expensive than standard QMOM.
Nevertheless, with the LAG-QMOM-EIG formulation solu-
tions for high-numbers of abscissas and weights can be
obtained, which are not obtainable with QMOM-EIG.

Error Sources. By means of the numerical study the
impact of the various potential error sources is investigated,
and procedures are sought to deal with these errors in a satis-
factory manner.

One error source is the error in the initial data. The accu-
rate computation of the initial moments turns out to be dif-
ficult if moments of high-order of nonstandard distribu-
tions or if generalized moments are required.40 For QMOM-
ODE and QMOM-DODE the accurate initialization of the
initial abscissas and weights, which is fundamental for these
QMOM formulations, is achieved by means of the quadrature
algorithm.
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Further error sources are the error in the recovery of the
standard moments from generalized moments, and the quad-
rature error in the righthand side. The former error directly
couples back to the QMOM model, if the crystallization phe-
nomena depend on the concentration of the solute. Simula-
tion results for the power transformation (7(z) = z* with non
integer «) not presented here, indicate that this error can
become the dominant error source. The quadrature error is
observed to increase drastically for phenomena which act
locally on the particle-size domain. Therefore, such phenom-
ena have to be treated with care. Preferentially, the phenom-
ena should be chosen as smooth as possible. As a guideline,
an analysis of the quadrature error as done in Table 1 for a
set of characteristic particle distributions provides a good
insight into both errors.

The last error source stems from the ill-conditioning of the
map from the moments to the abscissas and weights. It is
found that this map is usually ill-conditioned. As a conse-
quence the abscissas and weights are not always computed
accurately for given moments during the simulation. Never-
theless, the overall solution of the moments is in many cases
observed to be rather insensitive to errors in the abscissas
and weights. Therefore, the overall impact on the solution
cannot be easily quantified. The results indicate that the ill-
conditioning fundamentally influences the overall approxima-
tion quality of QMOM. The factors influencing the condition
number of the map from the moments to the abscissas and
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weights are discussed in the subsequent paragraph that deals
with the condition numbers of the QMOM models in
general.

Condition Numbers. The condition numbers of the sys-
tem Jacobians are studied in order to assess the difficulty of
finding an accurate numerical solution to the models. It is
discovered that the Jacobian of the map from the moments to
the abscissas, and weights is ill-conditioned for large num-
bers of abscissas and weights in all investigated examples. In
the Section “A fines dissolution process” it is shown that the
condition number is improved considerably by means of a
problem tailored transformation. If the condition number of
this map is high, then usually it is also high for the overall
QMOM model. For all test problems presented here, none of
the standard transformations used in the literature, that is, the
power or the exponential transformation, improves the behav-
ior of the QMOM models. Besides, it is found in a case
study not presented here that the power transformation can
significantly reduce the condition numbers of QMOM models
for pure agglomeration processes. Obviously, the merits of
a given transformation depend highly on the considered
problem.

For the two continuous crystallization test problems a
problem tailored transformation cannot be found. Further-
more, the possibility of choosing a different set of weighting
functions ¢ is explored, by using the newly developed
LAG-QMOM variant. It turns out, however, that this formu-
lation only moderately improves the condition numbers of
the QMOM model when the model is well scaled.

Using the QMOM-DODE formulation with the changed
coordinates (w;, 4; = w; (;) also does not improve the situa-
tion fundamentally. In the presented examples, the map from
the moments to the new coordinates (w;, ;) is usually better
conditioned for small numbers of abscissas and weights (),
compared to the standard map. This becomes particularly
evident in the case of the batch fines dissolution process
without trapsformation, and N, = 2. Here, the condition
number of B stays almost constant over the whole integration
range. However, for large N, the condition numbers are usu-
ally worse than the ones of the standard map. A disadvantage
of this method is further, that it relies on the explicit refor-
mulation. Also, for the computation of the new map, the
abscissas have to be computed by inversion of the weights,
that is {; = A;j/w;, in order to solve the explicit system in
Eq. 37. As a consequence small or vanishing weights inevita-
bly lead to problems during the simulation even though the
matrix B does not depend explicitly on the weights. There-
fore, the method is more vulnerable than the implicit
QMOM-ODE formulation for high numbers of abscissas and
weights (N,). Consequently, taking into account the robust-
ness of the different formulations, our recommendation is to
attempt a first solution with the standard QMOM-ODE for-
mulation.

Approximation accuracy. Furthermore, the overall accu-
racy of the approximation is studied. For the fines dissolution
process presented earlier QMOM fails altogether to produce
a low-order approximation of the distributed solution. Here,
a problem tailored transformation helps to obtain results for
the moments, but it does not cure the problem that the
abscissas are basically insensitive. The convergence behavior
of QMOM is assessed by comparison of the quantitative
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dynamic and steady-state behavior, and by comparison of the
qualitative dynamic behavior. Only for models with smooth
phenomena standard QMOM approaches the true solution
with an increasing number of abscissas and weights (N,). For
models with phenomena that act strictly locally on a given
particle-size range, QMOM tends to oscillate around the true
solution for increasing N,. Even though the width of the os-
cillation seems to become narrower with increasing N,, this
behavior is unfavorable, because the increased computational
effort does not guarantee an improved solution.

What should QMOM be used for? For the investigated
models with nonlocal, smooth phenomena, QMOM is able to
reproduce the model behavior well. In such cases, the solu-
tion accuracy usually improves with an increasing number of
abscissas and weights. However, for models containing
highly-localized kinetics, QMOM, behaves in a rather unpre-
dictable fashion. The problem is, that it is not clear how
smooth a model has to be, in order to be smooth enough to
result in a predictable behavior. In any case the solution error
is unknown.

If only few phenomena are present and the involved func-
tions have the right properties, then one may be able to
improve the behavior of QMOM with a problem-tailored
transformation. However, for a general model with multiple
phenomena of which some act locally on a given size range
one will at most be able to find a QMOM model that
describes the given model appropriately with respect to a
few selected quality measures in a selected parametric range.
If necessary this can also be achieved by a fit of the QMOM
model. However, one will generally not be able to obtain a
QMOM model that is an accurate low order approximation
of the overall distributed model.

Therefore, the conclusion has to be drawn that QMOM
may be used as a model reduction technique for process con-
trol and optimization for simple models. If models with a
range of different interacting and local phenomena are used,
the results have to be inspected with care. Consequently, it is
not recommended to use QMOM blindly as a model solution
technique in order to reliably predict the behavior of an un-
known process. Rather, the results should be validated against
a reference solution of known error as part of QMOM model
development.

Acknowledgments

We acknowledge the financial support of the Deutsche Forschungsge-
meinschaft (DFG) (MA 1188/17-1).

Notation

For the QMOM formulations the following naming convention applies
in the text: (weighting function)-QMOM-(formulation). For the standard
case, where (/)(k:) =i selected, the first part of the name is omitted.

The units stated here, apply for the untransformed case if x in the
above text is chosen as a particle-size coordinate, and both the particle
size, as well as the space dimension are measured in m. Furthermore,
note that # = 1.

bpue = overall nucleation rate, 1/s
B, = general source term, #/(m* s)
B = Jacobian of g
B = transformed B matrix in QMOM-DODE
¢, = mass concentration of solute, kg/m3
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C = map from standard moments to generalized moments
direak = breakage rate, 1/s
D,, = general sink term, #/(m4 s)
f = an arbitrary function
1P = defining function for time-varying parameter p,
=9 = gystem of moment equations
F = suspension flow rate, m>/s
F = system of closed QMOM equations
g{?‘”) = defining equation for k-th order generalized moment
2" = defining equation for approximation of k-th order standard mo-
ment, # m“)/m>
g = combined system of defining equations for moments and time-
varying parameters
h = classification function, dimensionless
I = identity matrix, dimensionless
kp = parameter in classification function, dimensionless
k, = volume shape factor, dimensionless
I, = k-th order Laguerre polynomial, dimensionless
m, = mass of solute, kg
M = mass matrix
n = number density per suspension volume, #/m®*
Nireak = number of fragments in breakage event, dimensionless
N,, = number of phenomena, dimensionless
N, = number of quadrature abscissas and weights, dimensionless
py = parameter in classification function, dimensionless
p = vector of time-varying parameters in weighting function
P = set of all phenomena, dimensionless
S = exchange term, kg/s
t = time, s
T = transformation map, m
V = suspension volume, m?
w; = quadrature weight, #/m>
= original coordinate, e.g. particle size, m
X = mean-particle size, m
z = transformed coordinate, transformation dependent dimension

=

Greek letters

B = agglomeration kernel, m*/(# s)
y = fragment distribution function, 1/m
& = void fraction, dimensionless
{; = quadrature abscissa, transformation dependent dimension
n = vector of weights and abscissas
) = vector of weights and transformed abscissas in QMOM-DODE
1 = k-th order standard distribution moment, (# mb)/m?
1w &® = k-th order standard generalized distribution moment in trans-
formed space
& = vector of generalized moments and parameters
/A = vector of transformed abscissas in QMOM-DODE, transforma-
tion dependent dimension
ps = solid-mass density, kg/m’
p; = coefficient of three-term recurrence relation, dimensionless
¢ = standard deviation
o; = coefficient of three-term recurrence relation, dimensionless
¢ = vector of sources for weights and transformed abscissas in QMOM-
DODE
¢, = general weighting function
W = weight function, 1/m

Subscripts

agg = agglomeration
break = breakage
diss = dissolution

f = fines
gr = growth
in = inflow

nuc = nucleation
out = outflow
p = phenomenon

Superscripts

DAE = QMOM-DAE formulation
DODE = QMOM-DODE formulation
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EIG = QMOM-EIG formulation
ODE = QMOM-ODE formulation
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Appendix
Transformation of size coordinate

According to Eq. 7 the population balance (Eq. 1) is trans-
formed term by term by substitution of x with x = 7(z), and
multiplication of both sides of the equation by the derivative
of the transformation (dx/dz) = (dT(z)/dz). For the integral
terms the bounds of integration have to be transformed as

well.
The transformation of the holdup term is trivial for a trans-

formation which is independent of time. Likewise, the source
due to particle loaded inflow with a given distribution or due
to the nucleation with a given distribution are trivially trans-

formed by application of Eq. 7.
Noting that G(x) = dx/dt by definition,' the growth rate is

transformed as

Gz 1) = (dz(zz)) 71G(T(z), ).

(AD)

The transformation of the classified removal yields

' dT (z) . .
Dz, 1) = Do(T(2),0) == = Fiou()h) (2,00 (z,0),
(A2)
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where we introduce

"9 (z,1) = h(T(2),1), (A3)

for the classification function in the transformed space.
Starting from the formulation of the agglomeration source

in the particle size coordinate system one obtains under the
restrictive condition that in the limit lim,_, ,,7(z) = oo

1 dT(z)
@ — ZT(2)?
B0 = 11

/Z—T‘m Bz 2.2, 1)
O Tz, ),

1 (u(z,2),)n? (2 1)dz .

(A4)

Here, we introduce the function u(Z,2") =T (T(Z) -
T(2")*)’} which has the meaning of a particle size in the
transformed space. We also introduced the definition of the
agglomeration frequency

B, 2" 1) = B(T(), T(Z"),1) (A5)

in the transformed space.

Note, if the transformation T(z) = (z/k,)!"/® is applied
with k, being the shape factor, the familiar agglomeration
source in the volume coordinate system is obtained. The
transformation of the agglomeration sink is straightforward

7! (00)
Dg:g)g(z, 1) =n9(z, t)/T Bz, 2, 0)n? (2 0)dZ.  (A6)

“1(0)

The transformation of the breakage source and sink terms are
performed similarly

. T (00) i
By (2,1) = / Noreak 79 (2,2, )iy (2,000 (2, 1),

(A7)
Digeak(2:1) = digly (2,00 (2,0), (A8)
with the breakage rate
d9(z,1) = d(T(z),1), (A9)
and the fragment distribution
10,0 = 5T, 1E) TE - (at

The result for 3 is explained by the fact that y has the
meaning of a distribution for the first argument, as it
describes the probability to form a fragment of size z by a
breakage event of a particle of size z”/.
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The population balance in the transformed space is then

on(z,1) (G (z,6)n) (z,1))
o oz
+ 3 BY (2.0) — DY) (z,0)] — %‘%’) (AID)

peP

This population balance is equivalent to the balance in Eq. 1
which is represented in the particle size coordinate system.

Appendix B. Details of QMOM-DODE
Formulation

After introduction of the transformed abscissas 4; = wi(;
into B one obtains for the elements of B the following
expressions

- 0 i
Bit1,i = ¢ (Ciop) — Ci%

o (0 AR () wi 0(Cp) OR” ()
+;l_1< ops ow; B l;,aips a¢; ’

k=0,... 2N, —1—

N, N,
Bistisn, = 4’%?;[) +ZZ<WI 3¢ (L1, p) oA (n )>’

s=1 ps aCl
k=0,...,2N; —1—=N,,i=1,...,Ng, (B2)
5 0 ) ia (p)
Biyon,—N,i = fkaé,_(”) —% fkaé”) , k=1,...,N,,
i=1,...,N, (B3)
19" m)

Bk+2N Ny itN, = , k=1,...,N,, i=1,...,N,.

w; 0
(B4)

The summation terms stem from the application of the chain
rule to the weighting functions ¢;(z), which also depend on
the time-varying parameters p. The dependence of p on the
abscissas and weights is then expressed in terms of the defin-
ing function £,”(p) = £, (@%"(y)) in Eq. 10 in which the
defining equation for the standard moments, Eq. 13, has been
substituted.
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